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ABSTRACT 
 
Design and Analysis of a Composite Flywheel Preload Loss Test Rig. (May 2004) 
Jason Lee Preuss, B.S., Texas A&M University 
Chair of Advisory Committee:  Dr. Alan Palazzolo 
 
Flywheel energy storage units have become a viable alternative to electrochemical 
batteries in applications such as satellites, uninterrupted power supplies, and hybrid 
vehicles.  However, this performance is contingent upon safe operation since these 
flywheels can release their stored energy almost instantaneously upon failure.  The 
research presented here investigates a health monitoring technology that may give an 
early indication of degraded material properties in a concentric ring composite flywheel.  
The existence of degraded material properties is manifested as a change in mass 
eccentricity due to asymmetric growth of the outermost flywheel ring.  A test rig concept 
to investigate the technology is developed in detail using a systems engineering design 
process.  Successful detection of the change in mass eccentricity was verified analytically 
through dynamic modeling of the flywheel rotor and magnetic suspension system.  
During steady state operation detection was determined to be feasible via measurements 
of the magnetic bearing currents and shaft position provided by the magnetic suspension 
feedback sensors.  A rotordynamic analysis was also conducted and predicts successful 
operation to the maximum operating speed of 50,000 Rpm. 
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CHAPTER I 
INTRODUCTION 
 
1.1  Overview 
Modern technology has enabled a new application for the age old flywheel in 
advanced flywheel energy storage systems.  Flywheel energy storage systems store 
kinetic energy in the form of a rotating flywheel typically made of composite materials.  
These systems are often called mechanical batteries since electrical energy is input, 
stored as rotational mechanical energy, and converted back to electrical energy to provide 
power on demand.  The basic components of a typical system include a composite 
flywheel, vacuum and safety containment, magnetic bearings, motor / generator, and 
electronics for control and power conversion.  Advances in magnetic bearings, power 
electronics, and composites have allowed flywheel energy storage systems to surpass 
electrochemical batteries in terms of achievable energy density, power density, and 
number of discharge cycles.  This is crucial in space applications where weight and 
longevity is of great concern.  Significant research has been performed to optimize and 
demonstrate the technology can work.  However, when failure occurs in these flywheels 
the energy is released almost instantaneously and can be catastrophic.  Containment and 
health monitoring has now become a significant issue as these energy storage units are 
being incorporated into other systems where a failure must be avoided, or at a minimum 
contained (Space station, hybrid vehicles, etc).  The complete containment of a composite 
flywheel burst requires a heavy structure and eliminates any advantage of the flywheel 
unit in terms of energy density.  Real time heath monitoring is a viable alternative that 
may allow reduction of the containment requirements.     
 NASA Glenn Research Center (NASA-GRC) expressed a need for a means to 
monitor the health of a composite flywheel constructed of concentric preloaded 
composite rings.  In response, the University of Texas Center for Electromagnetics (UT-
CEM) designed a flywheel that exhibits a change in mass eccentricity when fatigue, 
______________ 
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thermal expansion, or other phenomena cause a loss in preload of the outer ring.  The 
design is such that the outer ring of the flywheel is only bonded to next inner ring on 180 
degrees of the contact area.  As a result, centripetal acceleration causes the outer ring to 
grow asymmetrically if the preload is lost.  The existence of preload or compression 
between the rings is important since it provides the structural integrity of the flywheel.  
The outer ring preload is designed to be maintained to just above maximum operating 
speed.  Therefore, the asymmetric growth would only be sensed in the operating speed 
range if the preload was reduced.  The most notable factor that would cause a reduction 
in the preload is fatigue.  Fatigue in the composite material causes a reduction in the ring 
hoop stiffness which in turn reduces the preload.   
Texas A&M Vibration and Controls laboratory has been sponsored by NASA-
GRC to utilize a magnetic suspension system to develop health monitoring techniques 
utilizing the UT-CEM Preload Loss Monitor technology.  The research to be presented 
here focuses on the design of a test rig utilizing a magnetic suspension to demonstrate the 
UT-CEM technology and a means to detect the mass unbalance it generates.  Indication 
of eccentric deformation is typically determined using an optical sensor to measure the 
deflection of the outermost cylinder while the flywheel is spinning.  NASA-GRC has 
expressed a desire to utilize the installed magnetic suspension for the same purposes if 
possible.  The latter approach does not require an optical sensor as well as any associated 
electronics and may yield more accurate indication of eccentric deformation.  This results 
from the magnetic suspension sensors measuring motion at a much smaller radius than 
the optical sensors and therefore being less susceptible to shaft runout.  At the present, 
this approach to flywheel health monitoring using the UT-CEM Preload Loss Monitor 
technology and a magnetic suspension is unique.  However, there has been research in 
composite flywheel health monitoring that provides useful insights and can help clarify 
the novel contributions of the work presented here. 
  
1.2  Literature Review 
Research regarding the health monitoring of composite flywheels is just beginning as 
energy storage units are beginning to be incorporated into practical applications.  Most of 
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the research conducted so far has focused on predicting and detecting the severity of 
flaws in the flywheel during operation.   
Fisher and Lesieutre [1] propose health monitoring by detecting small changes in the 
balance state due to various types of flaws that can occur in composite flywheels.  An 
experimental apparatus was constructed consisting of a rotor supported by ball bearings 
and attached to the housing via an array of springs to provide a low stiffness.   Initially, 
benchtop experiments are conducted to characterize the unbalance response to each type 
of flaw.  The flaws are simulated using tape and small masses that are released from the 
flywheel at speeds up to 10,000 Rpm.  The resulting changes in unbalance are detected 
using position sensors that monitor the rotor hub and rim.  Based on the data collected a 
controller was also developed to evaluate the severity of flaws and de-rate the maximum 
flywheel operating speed accordingly.  Successful detection and operation of the 
controller was reported for changes in mass eccentricity as small as 10 microns. 
Shiue, Lesieutre, and Bakis [2] propose a similar health monitoring scheme in which 
the balance state is monitored for changes due to small flaws in the flywheel.  The 
influence coefficient method typically used for balancing rotors is employed to describe 
the balance state.  This method essentially relies on an assumption of a linear 
relationship, described by the influence coefficients, between the rotor vibration 
measurement and rotor unbalance.  The authors propose the use of normalized or speed 
independent influence coefficients since the flaws are elastic.  The relationship between 
flaw sizes and level of unbalance are derived from a finite element analysis.  Test rigs 
were constructed and small brass pieces used to simulate the predicted levels of 
unbalance and determine if they could be detected.  Mass eccentricity changes as small as 
80 microns were successfully detected.  Further research by the authors includes the use 
of fracture mechanics to determine the growth rate and severity of flaws [3]. 
The research presented here is differentiated from prior research by the mechanism 
that generates the unbalance.  In this case, the UT-CEM flywheel generates an unbalance 
due to degraded material properties that could lead to the flaws described above in prior 
research.  
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1.3  Objectives and Novel Contributions 
The objectives of this research are as follows: 
• Design a test rig concept that could be used to determine if a magnetic 
suspension system can be monitored for detection of a UT-CEM predicted 
change in mass eccentricity of the PLM composite flywheel. 
• Verify that detection of the mass eccentricity is feasible through numerical 
simulation of the magnetic suspension controller and rigid body dynamics.  
• Verify through rotordynamic analysis that the rig concept can operate reliably 
over the desired operating speed range (0-50,000 rpm). 
The first objective is addressed in chapter II and will be accomplished using a top-
down systems engineering design process in conjunction with technical analysis.  In this 
process conceptual designs are generated based on the need definition and functions 
required of the test rig.  Significant parameters are then identified to aid in identification 
of the best design concept.  The final design is presented in detail including a complete 
set of fabrication drawings. 
The second objective is covered in chapter III and accomplished via an analytical 
investigation due to limitations on the procurement of the test rig.  The magnetic 
suspension system and rigid body dynamics of the rotor are modeled using a state space 
representation.  Steady state response is investigated such that the detection concept is 
verified by observing differences in steady state response when the PLM flywheel change 
in mass eccentricity, residual unbalance, and shaft runout are included in the model.   
In chapter IV a critical speed analysis is conducted to aid in satisfying the last 
objective.  This analysis ensures that rotor critical speeds are sufficiently removed from 
the operating speed range of 20,000 to 50,000 Rpm.  Rigid body modes are identified 
using the state space equations developed in chapter III while rotor bending modes are 
derived using a transfer matrix analysis.     
 
 
 
 
 
  5 
The novel contributions of this thesis include: 
• Design of a test rig concept that will allow verification of a newly developed 
composite flywheel health monitoring technique. 
• Development of a health monitoring scheme for the PLM composite flywheel 
utilizing measurements of rotor displacement and currents associated with a 
magnetic suspension. 
These contributions are unique in that there is little research regarding health monitoring 
of composite flywheels.  In addition, the research that has been done is focused on 
detecting changes in unbalance caused by flaws such as cracks and delaminations that 
arise during operation due to degradation of the composite material.  In contrast, the PLM 
flywheel technology incorporates a unique mechanism to create a change in unbalance 
when a reduction in the composite material properties occurs.  Hence, there is potential 
for earlier and more reliable detection of impending failure.  The research here will aid in 
the development of this unique flywheel technology.    
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CHAPTER II 
PLM FLYWHEEL TEST RIG DESIGN 
 
2.1  Design Process 
Increasing complexity of modern systems has created the need for a well defined 
design process.  One such design process is referred to as the systems engineering design 
process and is used here to present the final design solution in an organized and logical 
manner.  Some of the main characteristics of the process include a top down approach 
and an emphasis on defining functional requirements [4].  The top-down approach 
develops a logical decision path beginning with the most basic need and ending with the 
“nuts and bolts”.  The general outline of the process is depicted below in figure 2.1. 
 
 
Need Statement
Need Analysis
Function Structure
Requirements
Parameters
Conceptual Design
Preliminary Design
Final Design
 
Figure 2.1: Systems Engineering Design Process 
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The first step in the design process is to develop a need statement, which identifies 
the most basic requirements the design must satisfy to be successful.  The need statement 
is more specific than a problem statement since it often implies a solution approach.  
However, it should only state what will be satisfied by an approach without regard as to 
how it may be accomplished.  In this manner, the need statement does not limit the design 
solution possibilities.        
The need analysis is the next level of specificity in the process where the designer 
expands on the meaning of the need statement and identifies the top level functions the 
system must provide.  Typical aspects of the need analysis include interpretation of the 
need statement, background information, and clarification of terms or concepts.  The 
designer may also clarify any major constraints or assumptions implied or imposed by the 
need statement.    
The function structure analysis provides a means to identify and organize the 
functions the design must fulfill in a hierarchical manner.  Each function is characterized 
as a single entry and exit point, implements a single independent function, and is 
separately verifiable.  The designer begins with the most basic functions the design must 
provide and continues to decompose the functions until specific functional requirements 
are reached.  In essence, the process ends when further functional decomposition would 
require the designer to identify how a function would be fulfilled.     
The need, need analysis, and functional analysis provide a decomposition and 
understanding of the design problem such that the designer can identify requirements of 
the system.  There are two types of requirements: functional and performance.  The 
functional requirements are taken directly from the lowest levels of the function structure 
and each one has specific performance requirements associated with it.  Performance 
requirements describe how well a functional requirement must be performed and can be 
calculated, related to constraints, assumed, or derived from the background information. 
At this point in the process, the designer has established what the design must do 
and is ready to generate conceptual design solutions.  This creative process is aided by 
the identification of design parameters which can be anything that affects the design and 
the designer has control over.  Typical examples for an energy storage system would be 
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energy density or power density.  In any case, the parameters the designer chooses as the 
most important provide the basis for development of a conceptual design.  The dominant 
parameters can then be optimized or compared to determine the best configuration of a 
concept.  The identification of new concepts is then facilitated by defining new 
parameters or placing a different emphasis on previous parameters.   
Ultimately, the designer must select a conceptual design to pursue further in the 
preliminary and final design stages.  There may be several concepts based on or 
optimized with respect to different parameters.  At a minimum, each design concept must 
meet the functional and performance requirements.  Beyond this requirement the use of 
criteria provides one means of selecting a concept.  Design criteria are simply desired 
aspects that may make one concept appear more attractive when compared to others.  
Once a concept is chosen, the designer moves on to the preliminary and final design 
stages where the level of detail is increased.  It is important to note that the overall 
process depicted in figure 2.1 is iterated throughout the design process.  It represents a 
top-down approach characterized by a progression from the general to specific aspects of 
the design.       
 
2.2 Need Statement 
 Two need statements are presented below in order to clarify the relationship between 
the overall need concerning composite flywheel safety and the more specific need to be 
fulfilled by the design presented here.  First, the overall need is stated below.   
There is a need for structural health monitoring of flywheels constructed of preloaded 
concentric composite rings. 
Development of technology in response to the above need gave rise to the specific 
need addressed in the design presented here and is stated below. 
There is a need for a test rig that can be used to safely determine if a magnetic 
suspension system can be utilized to detect a predicted change in mass eccentricity of a 
UT-CEM designed composite flywheel. 
This statement will be expanded upon in the need analysis. 
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2.3 Need Analysis 
The overall need statement above originated from a desire by NASA-GRC to develop 
safer kinetic energy storage systems.  These systems typically rely on composite 
flywheels with preloaded rings as the primary kinetic energy storage element. As 
explained in chapter I, UT-CEM developed a composite flywheel that generates a change 
in mass eccentricity when the material becomes degraded and structural integrity due to 
preload of the rings is reduced.  In response, NASA-GRC has awarded Texas A&M 
VCEL funding to build a test rig to investigate the UT-CEM flywheel technology.  UT-
CEM has specially designed a flywheel for the VCEL such that the preload loss event 
first occurs at approximately 20,000 rpm.  In addition, stress levels allow for safe 
operation to 50,000 rpm.  As a result, several magnitudes of eccentricity can be 
investigated to determine the minimum eccentricity necessary for detection.  Also, this 
provides some margin for error as predictions for the start of preload loss have no 
experimental basis.  Detection in this case is simply being able to distinguish the effects 
of the mass eccentricity change from noise, shaft runout, and residual vibration.  
Several major constraints are implied or arise from the background information stated 
above.  First, operation to the maximum rated speed of 50,000 rpm is necessary to ensure 
all possible magnitudes of eccentricity are fully explored.  Another major constraint is the 
physical size and characteristics of the flywheel.  The composite flywheel itself is 7.35 
inches in diameter, 3 inches in length, and has an inner diameter of 3.5 inches.  UT-CEM 
designed the flywheel to be pressed onto a 3.5 inch diameter metal rim.  The material and 
means by which the rim is interfaced with other components of the system is not 
constrained.  These speeds and size of the flywheel combined with the inclusion of safe 
operation in the need statement implies two additional major constraints.  First, there 
must be containment for the worst case scenario corresponding to a complete flywheel 
burst releasing all energy nearly instantaneously.  The approximate kinetic energy to be 
contained is governed by the density, rotational velocity, and size of the flywheel.  At 
50,000 rpm the corresponding energy stored is 300 W-hr.  In addition to containing the 
kinetic energy released it is important to note that when composite flywheels burst a large 
amount of epoxy dust is generated that can react with air to create an explosive release of 
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energy.  An incident of this nature has been documented by researchers in the field [5].  
Therefore, a vacuum or non-oxygen atmosphere is also a major constraint on the 
operating environment.    
With the above background and major constraints in mind we can begin to 
decompose the need into major functions to be fulfilled.  In this case, there are three top 
level functions derived directly from the need.  First, a magnetic suspension of the 
flywheel must be provided.  The major constraints concerning rotation speed, size, and 
mass of the flywheel will be important for this function.  The second major function is to 
provide mechanical energy.  Ultimately, the mechanical energy will be manifested as 
rotational velocity of the flywheel.  Lastly, an appropriate operating environment must be 
provided.  This function will lead to sub-functions that must address the major constraints 
discussed previously regarding safety and energy containment.   
 
2.4  Function Structure 
The three top level functions discussed previously must be decomposed into 
subfunctions until specific requirements can stated.  Figure 2.2 depicts the function 
structure for the preload loss monitor test rig.  The function structure provides a method 
to organize the functional decomposition of the need.  The most basic functional 
requirements include providing mechanical energy to spin the flywheel, a magnetic 
suspension system, and the proper operating environment.  These basic functions are 
decomposed until it becomes necessary to define how a particular function will be 
fulfilled.   
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Figure 2.2: Function Structure 11
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2.5  Performance Requirements  
The functional requirements of the PLM test rig are taken directly from the lowest 
levels of the function structure.  Table 2.1 summarizes the specific performance 
requirements associated with each functional requirement.  Also, the source for each 
performance requirement is listed.  Each of these requirements must be met by any of the 
design solutions. 
 
2.6 Parameters & Constraints 
There are several significant parameters that will likely determine the success of the 
design.  The first parameter is the rotor mass.  This is important since the mass 
eccentricity generated by the PLM flywheel is applied to the entire mass of the rotor.   
Therefore, additional rotor mass serves only to reduce the complete rotor eccentricity 
whose detection is of primary interest during testing.  
The second important parameter to consider is related to the interface between the 
mechanical energy element and the flywheel hub.  The dynamic contributions at this 
interface must be minimal to ensure it does not influence the rotor response due to the 
change in mass eccentricity generated by the PLM flywheel.  
Finally, the rotor modal or vibration properties are very important to the success of 
the design.  Rotor bending modes are difficult to damp especially with magnetic bearings.  
Contributions from these types of modes in the operating speed range could make it 
difficult to distinguish between the response due the change in mass eccentricity and that 
which is contributed by the bending mode. Ultimately, these modes could also prevent 
operation to the required maximum operating speed. 
The major constraint in this design effort is that the flywheel was designed and 
constructed prior to the test rig design process.  In addition,  funding considerations 
require the use of existing components whenever possible.  Therefore, matching sizing 
requirements becomes difficult.    
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Table 2.1: Functional and Performance Requirements for PLM Test Rig 
 
Functional Requirements Performance Requirements Source 
1. Provide drive torque 
Provide torque greater than 20 oz.-in @ 
0-50000 Rpm 
Calculated
2. Provide feedback 
Non-contact measurement of shaft 
position with output gain > 100 V/in. 
VCEL 
3. Process control algorithm Cutoff Frequency > 2000 Hz VCEL 
4. Magnetic actuation 
Radial load capacity per axis shall be 
greater than 40 lb @ 1500 Hz and axial 
load capacity greater than 40 lb @ 0 Hz 
VCEL 
5. Interface hub & flywheel 
Support flywheel press fit on  3.5 in. 
diameter X 3 in. length. 
UT-CEM 
6. Provide adequate rotor 
modal properties 
Rotor bending modes to be greater than 
120% of maximum operating speed 
(50,000 Rpm) 
UT-CEM 
7. Withstand rotating dynamic 
loads 
Withstand stress due to 50,000 rpm 
rotation. 
UT-CEM 
8. Detect operation of 
auxiliary suspension 
Electrical signal with peak to peak 
voltage greater than 50 mV. 
VCEL 
9. Support rotor for initial 
levitation 
Keep magnetic suspension gap < .030” VCEL 
10. Sustain loading after 
magnetic suspension fault 
Withstand loading of rotor whirling @ 
speeds up to 30,000 Rpm. 
UT-CEM 
 
11. Prevent contact of 
magnetic suspension rotor & 
stators 
Constrain rotor motion to less than 
magnetic suspension air gap of .020” 
VCEL 
12. Provide energy 
containment 
Withstand 300 W-hr flywheel burst Calculated
13. Provide vacuum atm. Absolute Pressure < 10-2 Torr VCEL 
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2.7 Conceptual Designs 
The final design to be presented in the next section was picked from several design 
configurations developed during the design process.  During the design process a desire 
was expressed to operate the test rig within a containment vessel already installed in the 
VCEL.  The vessel comprises seals for vacuum and a 4 inch thick steel liner for 
containment to 5000 W-hr.  The test area within the structure is approximately 3 feet in 
diameter and 4 feet in depth.  The use of this vessel essentially fulfilled the functional 
requirement for an operating environment.  However, interfacing with the vessel was still 
a significant function to fulfill.  The energy for rotating the flywheel would have to be 
transferred into the vacuum environment thus requiring some form of sealing.  Three 
mechanical energy elements were considered.  First, an existing air turbine with a carbon 
face seal was considered.  This concept was abandoned in lieu of electric motors that 
could be placed in the vacuum environment.  The electric motors avoid the complexity of 
providing a vacuum seal around a shaft rotating to 50,000 Rpm.   
Two conceptual designs based on using electric motors for the mechanical energy 
element were considered.  Figure 2.3 depicts the first concept.   The first concept involves 
the use of a “framed” motor in which the housing, bearings, and motor shaft are an 
integral unit.  The flywheel is supported by a one piece rotor that is coupled to the motor 
via a splined coupling.  Two magnetic bearings provide the radial and axial forces 
necessary to levitate the rotor.  A high speed test rig at the VCEL was utilized to test the 
spline coupling and was found to operate very well to 53,000 Rpm.  However, initial 
alignment was very difficult and the dynamic contributions the coupling would provide to 
the PLM rotor were uncertain.       
The second concept involved the use of a “frameless” electric motor.  This type of 
motor utilizes a one piece permanent magnet as the rotor.  In this case, the permanent 
magnet would become an integral part of the PLM rotor.  A completely levitated rotor 
results when this type of motor is combined with a magnetic suspension.  This concept 
eventually was chosen as the concept to develop into a final design and is presented in the 
next section. 
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Figure X.X:  Conceptual Design With DC Motor and Spline Drive 
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Figure 2.3: PLM Test Rig Conceptual Design 1 
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2.8 Final Design 
The final design of the PLM test rig is depicted in figure 2.4.  The test rig comprises a 
one piece rotor hub for the flywheel that is supported by two magnetic bearings and 
driven by a brushless DC motor.  Angular contact ball bearings fulfill the functional 
requirement for an auxiliary bearing system that provides rotor support when the rotor is 
not levitated.  A unique aspect regarding this concept is that the rotor does not physically 
contact any surfaces during operation.  Torque and forces for levitation are provided via 
magnetic forces.  A detailed description follows to describe the functions the sub-
components fulfill.  
Figure 2.5 depicts the rotating structure for the flywheel (Rotor).  The rotor hub 
consists of a one piece titanium shaft that interfaces with the flywheel, magnetic bearings, 
auxiliary suspension, and motor.  The titanium material was selected based on its lower 
density and strength to withstand rotational stresses.  The lower density is important since 
additional rotor mass reduces the amount of rotor mass eccentricity created by the PLM 
flywheel.  The rotor laminations provide a path for the magnetic flux of the bearings.  
Also, laminations are used to reduce eddy currents that arise from the time varying 
magnetic fields.  In this case, the laminations are bonded together and assembled onto the 
rotor with Loctite 620 retaining compound.  Replaceable sleeves are shrunk onto the rotor 
to provide a wear resistant interface with the auxiliary bearings since titanium has poor 
wear and sliding properties.  440C stainless steel was chosen as the material for the 
sleeves due to a low dynamic coefficient of friction and excellent wear properties.  
Finally, the one piece cylindrical motor magnet is assembled onto the rotor via epoxy as 
recommended by the motor manufacturer. 
Figures 2.6 and 2.7 depict the magnetic bearings used to support the rotor during 
operation.  These bearings were developed by the VCEL in conjunction with NASA-
GRC for use in various test rigs.  The “combo” bearing provides a radial load capacity of 
75 lbs and an axial load capacity of 140 lbs.  The radial magnetic bearing also provides 
75 pounds of load capacity.  The operation of the magnetic bearings, controller, 
amplifiers, and feedback sensors associated with the bearings are discussed in detail in 
chapter III.  
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Figure 2.6: Combo Magnetic Bearing Assembly 20
 
  
Figure 2.7: Radial Magnetic Bearing Assembly 21
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Figures 2.8 and 2.9 depict the auxiliary bearing sub-system for the combination 
magnetic bearing end and radial magnetic bearing end.  Both auxiliary bearing 
assemblies are identical with the exception of the motor assembly on the  radial magnetic 
bearing end.  The basic concept is to use ball bearings with sufficient clearance in the 
bore to allow levitation but prevent contact of the laminated magnetic bearing surfaces.  
In case the rotor falls during operation, the use of a ball bearing allows the inner race to 
spin and reduce the relative sliding motion between the rotor and stator surfaces.  This is 
important to reduce wear and prevent the possibility of destructive backward whirl.  In 
addition, the bearing housing is supported on o-rings since the ball bearings alone provide 
a low amount of damping.  A related performance requirement was that the auxiliary 
bearing system would sustain loading after a magnetic bearing fault which might occur at 
the maximum operating speed.  The specific type of bearings used are high speed greased 
angular contact bearings rated to 31,400 Rpm and a radial dynamic load capacity of 2,778 
lbs.  Research in this area suggests that the rotor whirls in the bearing clearance up to 
30% of the initial rotor speed [6].  With this in mind, the bearings in the PLM test rig 
would see a radial loading of 563 lbs based on a clearance of .009 inches, a whirl speed 
of 15,000 Rpm, and total rotor mass of 19.6 lbs.  The bearings are expected to sustain 
these loads based on the bearing ratings and short duration of the loading.  A replaceable 
wear ring constructed of the bearing steel is incorporated in the bearing bore to mitigate 
premature wear.    
In order to spin the rotor assembly a brushless DC motor is used.  The motor is 
manufactured by Koford and is rated to provide 55 oz-in. of torque at 51,000 Rpm (1684 
W) which satisfies the performance requirements very well.  The motor consists of a 
stator with hall sensors to detect rotor position and a rotor that is a one piece cylindrical 
magnet designed to become integral with a customer supplied rotor.  A PWM type driver 
is used to supply current to the motor while hermetically sealed electrical connectors will 
be used to transfer the electrical energy into the vacuum environment.  Figure 2.9 depicts 
the motor assembly which occurs at the end of the auxiliary bearing assembly. 
Finally, the magnetic bearings, auxiliary bearings, and motor are interfaced with the 
containment structure via an aluminum housing.  Aluminum material was chosen for ease 
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of manufacturing and to promote thermal conduction between the containment structure 
and components.  A bolt circle on the containment structure will receive the flange on the 
main housing depicted in figure 2.4. 
 
  
Figure 2.8: Catcher Bearing Assembly for Combo Magnetic Bearing 24
 
  
Figure 2.9: Catcher Bearing Assembly For Radial Magnetic Bearing    25
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CHAPTER III 
DYNAMIC SIMULATION OF ROTOR-BEARING SYSTEM 
 
A numerical simulation of the rotor-bearing system is conducted to investigate steady 
state response.  In this manner, the detection of the flywheel mass eccentricity is 
determined to be feasible.  A system model of the overall rotor-bearing system is 
presented followed by a detailed derivation of each component model.  Residual 
unbalance, change in mass eccentricity due to the preload loss event, the use of notch 
filters, and position sensor runout error are the primary parameters investigated and 
presented in the results.   
 
3.1  System Model 
The rotor-bearing system model depicted in figure 3.1 is comprised of a rigid rotor 
supported by two magnetic bearings, a magnetic bearing controller, power amplifiers to 
drive currents in the bearing coils, and feedback sensors.  The rigid rotor assumption will 
be addressed in chapter 4.   Both magnetic bearings provide two radial axes along which 
forces can be applied to the rotor.  In addition, the combination bearing incorporates a 
thrust axis whose contribution is negligible for the radial response investigated here.  
Each axis of the bearings is associated with controller PD gains, notch filters, a power 
amplifier, and a shaft position sensor.  In order to model the system, first order 
differential equations are used to describe the dynamic behavior of each component.  
These equations are derived in the following sections and assembled into a standard form 
known as state space.  The state space representation is given by the equations: 
 { } [ ]{ } [ ]{ }X A X B U= +?  (3.1) 
 { } [ ]{ } [ ]{ }Y C X D U= +  (3.2) 
where {X} is a vector of n states used to describe the system behavior, {U} contains the 
system inputs, {Y} is a vector of the outputs, and [A], [B], [C], and [D] are coefficient 
matrices.  Solution of the system state space equations will be carried out with a 
numerical solver for ordinary differential equations with initial conditions.  
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3.2  Position Sensor Model 
Non-contacting eddy current type sensors are used to measure shaft position.  This is 
an essential measurement since it provides the only feedback used by the controller 
algorithm.  Four sensors are utilized to determine shaft radial position as depicted in 
figure 3.1.  Consider the Y axis sensor located next to bearing “A”.  The sensor is 
modeled as a first order filter whose input is rotor position at the sensor location, XsyA, 
and output is a corresponding voltage, VsyA.  Hence, the sensor transfer function is written 
as:   
 
1
ysA s
ysA
ysA s
V
G
X s
ζ
τ= = +  (3.3) 
where  
 1
2s sf
τ π=  (3.4) 
This definition is extended to all four sensors where a cutoff frequency, fs, and sensitivity, 
ζs, of 3000 Hz and 200 V/in respectively are used based on published sensor data.  For 
the analysis presented here a simulated rotor position measurement is obtained by a 
coordinate transformation from the rotor c.g. to the sensor locations such that:  
 
1 0 0
1 0 0
0 1 0
0 1 0
ysA sA
ysB sB
zsA sA y
zsB sB z
X L Y
X L Z
X L
X L
θ
θ
⎧ ⎫ ⎡ ⎤ ⎧ ⎫⎪ ⎪ ⎢ ⎥ ⎪ ⎪−⎪ ⎪ ⎪⎢=⎨ ⎬ ⎨⎢ −⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪⎩ ⎭⎩ ⎭ ⎣ ⎦
⎪⎥ ⎬⎥ ⎪⎪
 (3.5) 
or more compactly: 
 { } { }/s cg s cgX T X⎡ ⎤= ⎣ ⎦  (3.6) 
Eddy current type sensors measure the position of the rotor surface and therefore are 
prone to incorporate shaft runout error.  For a more realistic model, shaft runout is 
included and modeled as follows: 
 { }
cos( )
cos( )
cos( / 2)
cos( / 2)
A rA
B rB
runout
A rA
B rB
r t
r t
X
r t
r t
ω φ
ω φ
ω φ π
ω φ π
+⎧ ⎫⎪ ⎪+⎪ ⎪= ⎨ ⎬+ −⎪ ⎪⎪ ⎪+ −⎩ ⎭
 (3.7) 
 
 30
were r is the runout magnitude at each location, ω is the shaft angular velocity, and φ is 
the phase of the runout.  With this in mind, the measured shaft position is redefined as: 
 { } { } { }/s runout cg s cg runoutX T X X+ ⎡ ⎤= +⎣ ⎦  (3.8) 
Using equations (3.3), (3.4), (3.8), and introducing the sensor state vector, {Qs}, the state 
space form for the sensor system can be written as: 
 { } [ ]{ } [ ]{ }s s s s s runoutQ A Q B X += +?  (3.9) 
Using the identity matrix [I], the coefficient matrices can be written as: 
 [ ] [ ](4 4)( 1 )s s xA Iτ= −  (3.10) 
 [ ] [ ](4 4)s xB I=  (3.11) 
The output voltages, {Vs}, are given by 
 { } { } [ ]{ }Ts ysA ysB zsA zsB s sV V V V V C Q= =  (3.12) 
where 
 [ ] (4 4)( )[ ]s s s xC Iζ τ=  (3.13) 
These voltages will be used as the feedback input for the controller model. 
 
3.3  Controller Model 
A PD type control law is applied to each of the four rotor c.g. degrees of freedom.  
Using the Y axis as an example, figure 3.3 depicts the controller model consisting of 
proportional and derivative (PD) gains, low pass filter, notch filter, and lead 
compensation.   
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Figure 3.3: Controller Model 
 
 
For simplicity, the desired value for the sensor voltages will be considered zero and 
corresponding to a perfectly centered rotor.  Hence, all of the sensor output voltages, 
{Vs}, are equivalent to sensor error voltages, {Es}.  The controller algorithms are 
implemented based on errors in the c.g. position coordinates, {Ecg}.  Therefore, the 
sensor voltages must be transformed to errors in the c.g. position as follows: 
 { } { } { }/Tcg y y z z s cg sE E E E E T Vθ θ ⎡ ⎤= = ⎣ ⎦  (3.14) 
where 
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⎡ ⎤⎢ ⎥+ +⎢ ⎥⎢ ⎥− +⎢ ⎥+ +⎢ ⎥= ⎢ ⎥⎢ ⎥+ +⎢ ⎥⎢ ⎥−−⎢ ⎥+ +⎣ ⎦
)
)
 (3.15) 
Continuing with the Y control axis as an example, the proportional gain stage is 
described by the transfer function: 
 ( )
1
yp p
p
y c
E K
G s
E sτ= = +  (3.16) 
where τc is the controller time constant defined as: 
 1
2c cf
τ π=  (3.17) 
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Extending the definitions above to all of the contol axes and introducing the state 
variable, {Qp}, the state space form for all of the proportional gain stages is written as: 
 { } { } { }p p p cQ A Q E⎡ ⎤= +⎣ ⎦? g  (3.18) 
where 
 [ ](4 4)( )p p c xA K Iτ⎡ ⎤ = −⎣ ⎦  (3.19) 
The resulting output gains, {Ecgp}, are: 
 { } { } { }Tcgp yp yp zp zp p pE E E E E C Qθ θ ⎡ ⎤= ⎣ ⎦=  (3.20) 
where 
 [ ](4 4)(1 )p c xC Iτ⎡ ⎤ =⎣ ⎦  (3.21) 
In a similar manner, the Y axis derivative gain stage is described by the transfer 
function: 
 2( 1)
yd d
y c
E K s
E sτ= +  (3.22) 
The state space represention is as follows: 
 { } [ ]{ } [ ]{ }d d d d cQ A Q B E= +? g  (3.23) 
where 
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d
d d
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1 0
c c
da
τ τ⎡ ⎤− −= ⎢ ⎥⎣ ⎦
 (3.24) 
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d
d
d
d
d
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b
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b
b
0
⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
 and [ ] 1
0d
b ⎡ ⎤= ⎢ ⎥⎣ ⎦  (3.25) 
The output gains of the derivative stage, {Ecgd}, are given by: 
 { } { } [ ]{ }Tcgd yd zd d dyd zdE E E E E C Qθ θ= ? ?? ? =  (3.26) 
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where 
                            [ ]
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2
2
(1 ) 0 0 0 0 0 0 0
0 0 (1 ) 0 0 0 0 0
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0 0 0 0 0 0 (1 ) 0
c
c
d
c
c
C
τ
τ
τ
τ
⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
              (3.27) 
The proportional error, {Ecgp}, and the derivative error, {Ecgd}, become the inputs for the 
filter stages.  The state space representation of the filter stage is written as: 
 { } { } { } { }{ }f f f f cgp cgdQ A Q B E E⎡ ⎤ ⎡ ⎤= + +⎣ ⎦ ⎣ ⎦?  (3.28) 
 { } { } { }f yf yf zf zf f fV V V V V C Qθ θ ⎡ ⎤= = ⎣ ⎦  (3.29) 
where the coefficient matrices, [Afilt] and [Bfilt], are determined in the Matlab code using 
the “tf2ss” function.  A coordinate transformation is used such that the output voltages 
{Vf} in c.g. coordinates are converted to corresponding voltages for the magnetic bearing 
coordinates, {Vc}.  The equation describing the transformation is stated as: 
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⎪⎥ ⎬⎥  (3.30) 
or more compactly as: 
 { } { }/ /{ }c cg mag f cg mag f fV T V T C Q⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ ⎣ ⎦  (3.31) 
The voltages {Vc} are the inputs to the power amplifiers corresponding to each bearing 
axis. 
   
3.4  Power Amplifier Model 
Power amplifiers are used to drive current in the coils of the magnetic bearings.  A 
power amplifier is dedicated to each of the four radial control axes.  The coil circuit load 
on an individual power amplifier, depicted in figure 3.4, consists of a nominal resistance, 
R, and inductance, L. 
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Figure 3.4: Power Amplifier and Magnetic Bearing Coil Circuit 
 
 
Applying Kirchoff’s Voltage Law yields the differential equation: 
 1 ( pa
di V iR
dt L
= − )  (3.32) 
or in the frequency domain: 
 1
pa
i
V Ls
=
R+  (3.33) 
The voltage of the power amplifier, Vpa, is determined by the controller input voltage and 
characteristics of the power amplifier. Typically, amplifiers utilizing pulse width 
modulation (PWM) are used in lieu of linear amplifiers due to their higher efficiency.  
The PWM amplifier model using current feedback is shown in figure 3.5: 
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Figure 3.5: Power Amplifier Model 
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With reference to figure 3.4, Vpa can be stated as: 
 ( )pa pa cV K V iγ= −  (3.34) 
where Vc is the desired voltage, Kpa is the amplifier reference gain, and γ is the current 
feedback sensitivity.  Substituting equation (3.34) into (3.32) yields the final form for the 
current state as: 
  1 ( )pa c
di K V i iR
dt L
γ⎡ ⎤= − −⎣ ⎦  (3.35) 
The values of Kpa and γ are unknown but can be calculated based on measurements or 
published values for the controller bandwidth and DC gain.  For example, consider the 
transfer function of the power amplifier system which can be stated as: 
 ( ) papa
c p
KiG s
V Ls R K aγ= = + +  (3.36) 
Rearranging yields the form: 
 ( )
1
pa
pa
pa
pa
pa
K
R KiG s LV s
R K
γ
γ
+= =
++
 (3.37) 
From inspection of equation (3.37), the time constant of the first order filter can be 
defined as: 
 
pa
L
R K
τ γ= +  (3.38) 
The amplifier cutoff frequency in rad/sec is defined as: 
 1
2pa
f πτ=  (3.39) 
Substituting equation (3.38) into equation (3.39) yields: 
 
2
pa
pa
R K
f
L
γ
π
+=  (3.40) 
A relation for the DC gain of the system, DCpaK , is obtained by letting s go to zero in 
equation (3.37) yielding: 
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0
lim ( ) paDCpa pas
pa
K
K G s
R K γ→= = +  (3.41) 
Solving equations (3.40) and (3.41) for Kpa and γ results in the following expressions: 
 2 DCpa pa paK Lf Kπ=  (3.42) 
 
2
2
pa
DC
pa pa
Lf R
Lf K
πγ π
−=  (3.43) 
where DCpaK  and fc are determined from experimental measurement.  With reference to 
equation (3.35) and the above definitions for an individual amplifier circuit, the state 
space form for all of the power amplifier circuits is written as: 
 { } [ ]{ } [ ]{ }i i i iQ A Q B V= +? c  (3.44) 
where 
 { } { }Ti yA yB zA zBQ i i i i=  (3.45) 
 [ ] ( ) [ ](4 4)pai xK RA L
γ += − I  (3.46) 
 [ ] [ ](4 4)( )i pa xB K L I=  (3.47) 
The outputs of these states are the magnetic bearing forces as described in the next 
section. 
 
3.5  Magnetic Bearing Model 
The magnetic bearing is an actuator that provides non-contacting forces to support the 
rotor.  A linear relation between the magnetic bearing forces, coil currents, and rotor 
position are required for the bearing analytical model.  These expressions are derived for 
the combination bearing and applicable to the radial bearing which is of similar 
construction.  Since the radial response of the rotor is of primary interest the thrust axis is 
not considered. 
The configuration of the combination bearing is of the homopolar, permanent magnet 
bias type as shown in figure 3.6.  This design can be viewed as six electromagnets (EM), 
four radial and two axial, working in conjunction with four arch shaped permanent 
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Figure 3.6: Combination Magnetic Bearing Schematic 
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magnets (PM) to drive magnetic flux in the bearing air gaps.  The magnetic flux, φ, in 
each air gap generates a force on the rotor given by the expression:     
 
2
2 o g
F
A
φ
µ=  (3.48) 
where uo is the relative permeability of free space and Ag is the projected area of the air 
gap on the rotor.  With reference to the radial plane, homopolar refers to the flux driven 
by the PM that trace paths parallel to the rotor axis and uniformly into or out of the radial 
poles.  If the rotor deviates from the centered position by a small amount the PM flux 
results in a net force in the direction of deviation.  To overcome this instability, the 
current in the EM coils are driven by the power amplifiers in proportion to the amount of 
deviation.  A significant simplification occurs by noting the large reluctance of the 
permanent magnets restricts the flux of the radial EMs from flowing axially and thereby 
uncouples the radial and axial EMs.  Hence, the radial forces are due to the radial EM 
flux, φem , and the PM flux, φpm , in the four radial air gaps, #1 through #4.  Consider air 
gaps #1 and #3 which comprise the forces along the Y axis.  For a rotor displacement in 
the positive Y direction, the total magnetic force is given as: 
 
2 2
1 1 3 3( ) (
2 2
pm em pm em
y
o g o g
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A A
φ φ φ φ
µ µ
+ −= − )  (3.49) 
Lee [7] derives expressions for the flux terms in equation (3.49) which are stated here for 
reference as:  
 1 2( )
o g p o
pm
p o
A A bBB
G y A b Ag
µφ µ µ= − +           3 2( )
o g p o
pm
p o
A A bBB
G y A b Ag
µφ µ µ= + +  (3.50) 
 1 13 2
2
2em o g
G yA Ni
G y
φ µ 2+= −            2 13 2
2
2em o g
G yA Ni
G y
φ µ −= − 2  (3.51) 
where 
µ  : slope of the demagnetization curve of a PM 
Ap: pole face area of each PM 
b  : radial thickness of a PM 
B : PM magnetic flux density  
 
 39
Bo: PM residual magnet flux density 
G : nominal air gap 
i13: coil currents for poles #1 and #3 
Substituting equations (3.50) and (3.51) into equation (3.49) yields a nonlinear force 
with respect to coil currents and rotor position.  Typically, this force is linearized about 
an operating point corresponding to a static rotor in the centered position.  The Taylor 
series expansion used to do this is written as: 
 13 1
0013
00
( , ) (0,0) y yy y
ii
yy
F F
F i y F i y
i y == ==
∂ ∂= + +∂ ∂  (3.52) 
The first term goes to zero, as expected for a perfectly centered rotor and zero control 
flux, while the remaining terms can be rewritten as: 
 13, 13( )y iF i y K i K yd= +  (3.53) 
The terms Ki and Kd are known as the current and position stiffness, respectively, and are 
given by Lee [7] as: 
 
4 g g
i
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K
G
=  (3.54) 
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µ µ µ= + g  (3.55) 
These definitions are extended to all four radial bearing axes such that forces related to 
the control currents are given by: 
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⎪⎥ ⎬⎥ ⎪⎪
 (3.56) 
The forces due to position stiffness will be accounted for separately in the derivation of 
the rotor equations of motion. 
 
3.6  Rotor Unbalance Modeling 
       The inherent nature of bearings is to constrain the rotation of a shaft about some 
geometric axis.  Rotor unbalance occurs when this geometric axis of rotation is not 
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coincident with the principle axis of inertia nearest the axis of rotation.  The error in 
making these axes coincident is initially due to manufacturing errors in geometric 
dimensions or non-homogeneity of materials.  Therefore, balancing machines are 
employed to realign the inertial and geometric axes.  However, the limitation on the 
precision of balancing machines ultimately requires some error or residual unbalance to 
be present.  In this case, the unbalance of the rotor is comprised of two parts: the residual 
unbalance left over after balancing the rotor and the unbalance generated by the 
asymmetric growth (preload loss) of the PLM flywheel during operation. 
The residual unbalance is modeled such that it creates a disturbance force in the rotor 
equations of motion.  The force is derived by considering the rotor lumped mass, m, to be 
accelerating due to shaft rotation at a distance e from the axis of rotation. The equation is 
stated as: 
 2 cos( )F me tω ω φ= +  (3.57) 
where e is referred to as the mass eccentricity, ω is the rotor angular velocity, and φ is the 
phase of the unbalance force relative to the Y axis.  The value of the eccentricity is 
essentially what determines the amount of unbalance.  To obtain some meaningful values 
for the simulation the ISO 1940-1:2003 standard [8] for balancing of rigid rotors is 
consulted.  Based on the mass of the PLM rotor, the maximum allowed rotor mass 
eccentricity for various tolerance grades are listed in table 3.1.  Two balancing planes are 
required to balance the rotor.  Therefore, the ISO standard recommends the maximum 
allowed eccentricities in table 3.1 be divided between the two planes. With this in mind, 
the residual unbalance forces along the Y and Z axis at balance plane “A”, as depicted in 
figure 3.2, are given by: 
 21 cos( )
2yrA r rA
F me tω ω φ= +  (3.58) 
 21 cos( 2)
2zrA r rA
F me tω ω φ π= + −  (3.59) 
In addition, the forces at balance plane “B” are given by:  
 21 cos( )
2yrB r rB
F me tω ω φ= +  (3.60) 
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 21 cos( 2)
2zrB r rB
F me tω ω φ π= + −  (3.61) 
 
 
Table 3.1: PLM Maximum Rotor Mass Eccentricity vs. ISO Tolerance Grades 
 
ISO 
Tolerance 
Grade 
Maximum Allowed 
Eccentricity of PLM Rotor 
(in.) 
G1 .000008 
G2.5 .000019 
G6.3 .000047 
G16 .000120 
 
 
The change in mass eccentricity due to the preload loss event is distributed 
between the two balance planes and modeled in a similar manner as the residual 
unbalance.  Hence, the unbalance forces along the Y and Z axis are stated as: 
      21 cos( )
2yPLM PLM PLM
F me tω ω φ= +  (3.62) 
 21 cos( 2)
2zPLM PLM PLM
F me tω ω φ π= + −  (3.63) 
The UT-CEM predicted mass eccentricity vs. angular velocity for the PLM rotor is 
depicted in figure 3.7.  The eccentricity, eplm, is speed dependent since centripetal 
acceleration drives the asymmetric outer ring growth.  At this point, the equations for 
unbalance defined above can be incorporated into the derivation of the rotor equations of 
motion.  To summarize, the total unbalance forces at the balance planes due to residual 
and the PLM unbalance are summarized below. 
 yuA yrA yPLMAF F F= +         zuA zrA zPLMAF F F= +  (3.64) 
 yuB yrB yPLMBF F F= +         zuB zrB zPLMBF F F= +  (3.65) 
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Figure 3.7: UT-CEM Predicted PLM Rotor Mass Eccentricity vs. Speed 
 
 
3.7  Rigid Body Rotor Model 
The levitated PLM rotor is modeled as a rigid body with four degrees of freedom 
at the c.g. defined as: 
 { }
y
z
Y
Z
X θ
θ
⎧ ⎫⎪ ⎪⎪ ⎪= ⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
 (3.66) 
The control forces and negative position stiffness of the radial and combo magnetic 
bearings are the only external forces considered.  Radial and axial dynamic components 
are assumed to be uncoupled and since the radial response is of primary interest, an axial 
degree of freedom is not considered.  Figure 3.8 depicts the free body diagram of the 
rotor.  
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Figure 3.8: Free Body Diagrams of Rigid Rotor 
 
 
Applying Newton’s law at the c.g. of the rotor yields the equations of motion: 
 ycA ycB dA mA dB mB yuA yuBMY F F K Y K Y F F= + − − + +??  (3.67) 
 c czA zB dA mA dB mB zuA zuBMZ F F K Z K Z F F= + − − + +??    (3.68) 
              T Y zcA mA zcB mB dA mA mA dB mB mB p Z zuA uA zuB uBI F L F L K Z L K Z L I F L F Lθ ω= − + + − − − +?? ?θ   (3.69) 
              T Z ycA mA ycB mB dA mA mA dB mB mB p Z yuA uA yuB uBI F L F L K Y L K Y L I F L F Lθ ω= − − + + + −?? ?θ   (3.70) 
Assuming small motions the transformation from the magnetic bearing coordinates to the 
c.g. coordinates is: 
 mA mA ZY Y L θ= +  (3.71) 
 mB mB ZY Y L θ= −  (3.72) 
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 mA mA YZ Z L θ= −  (3.73) 
 mB mB YZ Z L θ= +  (3.74) 
Substituting equations (3.71)-(3.74) into equations (3.67)-(3.70), the equations of motion 
can be written in matrix form as: 
 [ ]{ } [ ]{ } [ ]{ } { }( )M X C X K X F t+ + =?? ?  (3.75) 
where 
  (3.76) { } { }TY ZX Y Z θ θ=
 [ ]
0 0 0
0 0
0 0 0
0 0 0
T
T
m
m
M
I
0
I
⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎣ ⎦
 (3.77) 
 [ ]
0 0 0 0
0 0 0 0
0 0 0
0 0 0
p
p
C
I
I
ω
ω
⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥−⎢ ⎥⎢ ⎥⎣ ⎦
 (3.78) 
[ ] ( ) ( )
( ) ( )
2 2
2 2
0 0
0 0
0 0
0 0
dA dB dA mA dB mB
dA dB dA mA dB mB
A B
ps mA ps mB dA mA dB mB
dA mA dB mB dA mA dB mB
K K K L K L
K K K L K L
K
K L K L K L K L
K L K L K L K L
⎡ ⎤− − − +⎢ ⎥− − −⎢ ⎥=⎢ ⎥− − −⎢ ⎥⎢ ⎥− + − −⎣ ⎦
 (3.79) 
  { }( )
ycA ycB yuA yuB
zcA zcB zuA zuB
zcA AM zcB BM zuA uA zuB uB
ycA AM ycB BM yuA uA yuB uB
F F F F
F F F F
F t
F L F L F L F L
F L F L F L F L
⎧ ⎫+ + +⎪ ⎪+ + +⎪ ⎪= ⎨ ⎬− + − +⎪ ⎪⎪ ⎪− − + −⎩ ⎭
 (3.80) 
To implement these equations in the simulation code we must obtain an equivalent set of 
first order equations.  Consider equation (3.75) rewritten as: 
 
[ ] [ ]
[ ] [ ]
{ }
{ }
[ ] [ ]
[ ] [ ]
{ }
{ }
{ }
{ }
( )0
00 0
X X F tM C K
I I XX
⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎧ ⎫⎪ ⎪ ⎪ ⎪ ⎪+ = ⎪⎨ ⎬ ⎨ ⎬ ⎨⎢ ⎥ ⎢ ⎥− ⎬⎪ ⎪⎩ ⎭⎣ ⎦ ⎣ ⎦ ⎪ ⎪⎪ ⎪ ⎩ ⎭⎩ ⎭
?? ?
?  (3.81) 
To obtain a set of first order equations a state variable is defined as: 
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 { } { }{ }dyn
X
Q
X
⎧ ⎫⎪ ⎪= ⎨ ⎬⎪ ⎪⎩ ⎭
?
 (3.82) 
Rearranging and combining equations (3.81) and (3.82) the first order form is: 
 { } { } { }[ ]dyn dyn dynQ A Q B⎡ ⎤= +⎣ ⎦? U  (3.83) 
where 
 [ ] [ ] [ ] [ ][ ] [ ]
1 1
0dyn
M C M KA
I
− −⎡ ⎤− −⎡ ⎤ = ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦
 (3.84) 
 { } [ ] { }{ }
1 ( )( )
0
M F tF t
−⎧ ⎫⎪ ⎪= ⎨ ⎬⎪ ⎪⎩ ⎭
 (3.85) 
 
3.8  Simulation Results 
A program was created using Matlab software to investigate the steady state response 
of the rotor-bearing system.  The state space models developed previously for each 
component are assembled such that the entire system can be written in standard form 
described by equation (3.1).  The total “A” coefficient matrix of the system is constructed 
from the component coefficient matrices as: 
[ ]
[ ] [ ]
[ ]
[ ] [ ] [ ]
[ ]
[ ] [ ]
[ ]
/
/
/
/
0 0 0 0
0 0 0 0
............... 0 0 0
0 0
0 0 0
0 0 0 0
s s cg s
p s cg s p
d s cg s d
T
f p f d f
i cg mag f i
dyn i dyn
A B
B T C A
B T C A
A
B C B C A
B T C A
B C A
⎡ ⎤⎡ ⎤⎣ ⎦⎢ ⎥⎢ ⎥⎡ ⎤⎡ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦ ⎣ ⎦⎢ ⎥⎢ ⎥⎡ ⎤ →⎣ ⎦⎢ ⎥=⎢ ⎥⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎢ ⎥⎡ ⎤⎡ ⎤⎣ ⎦⎣ ⎦⎢ ⎥⎢ ⎥
0
0
T
⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦
   (3.86) 
The disturbance inputs simply consist of the residual unbalance, runout, and unbalance 
due to the PLM mass eccentricity.  The set of first order differential equations is solved 
using the Matlab ODE45 solver.  Also, initial conditions for all states are set to zero at 
time equal to zero.  In each of the results to be presented the solution is carried out to 
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steady state and the response amplitudes captured.  The input parameters for the 
simulation are depicted in table 3.2. 
 
Table 3.2: Simulation Input Parameters 
 
Description Value 
Rotor Mass, M 19.6 lbs 
Rotor Polar Inertia, Ip 64.8 lb-in2 
Rotor Transverse Inertia, It 189.9 lb-in2 
Distance, c.g. to Bearing “A”, LmA 3.644 in. 
Distance, c.g. to Bearing “B”, LmB 3.166 in. 
Distance, c.g. to Sensor “A”, LsA 5.274 in. 
Distance, c.g. to Sensor “B”, LsB 5.086 in. 
Distance, c.g. to Balance Plane “A”, LuA 2.375 in. 
Distance, c.g. to Balance Plane “B”, LuB 1.625 in. 
Bearing “A” Current Stiffness, KiA 9.3 lb/A 
Bearing “B” Current Stiffness, KiB 8.8 lb/ A 
Bearing “A” Position Stiffness, KiA 6900 lb/in. 
Bearing “B” Position Stiffness, KiB 6160 lb/in. 
Sensor Gain, ζs 200 V/in. 
Sensor Cutoff Frequency 3000 Hz 
Power Amplifier Cutoff Frequency, fpa 2000 Hz 
Controller Cutoff Frequency 3000 Hz 
 
 
Figures 3.9 through 3.15 depict the simulation results.  Each figure provides 
displacement magnitudes at the two sensor locations “A” and “B” as well as the current 
magnitudes of bearings “A” and “B”.  These displacement and current magnitudes are 
used as a means to identify changes in response due to PLM change in mass eccentricity.  
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The displacement and bearing current response are investigated as shaft runout, use of 
notch filters, and phase of the unbalance vectors is varied.     
Figures 3.9 through 3.11 depict steady state operation without the use of a notch 
filter.  In each of the three plots, the response due only to the residual unbalance slowly 
approaches the residual mass eccentricity at higher speeds as expected.  The addition of 
the PLM eccentricity and runout yields several notable trends.  First, the changes in 
current magnitudes are on the order of several amps which are readily detectable.  
However, in figure 3.9 it is evident that the addition of the PLM mass eccentricity can 
initially improve the balance state thus requiring speeds as high as 40,000 Rpm to see 
significant changes in response.  Figures 3.10 and 3.11 depict the results when .0005 and 
.001 inches of total indicated runout are added.  In this case, all of the response curves 
shift upward with similar changes in magnitude when compared to cases without runout.  
However, an important difference is that depending on the relative phase, the unbalance 
and runout vectors can add to produce a continuous decline in response as seen in figure 
3.11.  Therefore, a sharp decrease in current response would also be an indicator of an 
increase in the PLM mass eccentricity.  Keeping the total indicated runout levels below 
.0005 inches is an attainable tolerance and would ensure a more consistent positive 
response.     
Figures 3.12 through 3.15 incorporate the same combinations of residual unbalance, 
PLM mass eccentricity, and runout as figures 3.9 to 3.11.  However, a notch filter is 
incorporated at the spin speed.  This is sometimes used in magnetic bearing systems to 
reduce unnecessary bearing response to unbalance or reduce excitation of certain modes 
of vibration.  As evidenced in figures 3.9 to 3.11, the magnetic bearing currents approach 
zero depending on the magnitude of the notch filter.  As a result, the sensor 
displacements must be used for detection of the PLM mass eccentricity change.  The 
changes in displacements at the sensors are of similar magnitude for all cases with and 
without the notch.  The magnitude is reported in the plots as an orbit radius which is 
doubled to yield a peak to peak displacement value.  Based on experience in the VCEL, 
peak to peak noise levels can be as high as 50 mV due to the brushless motors and 
magnetic bearing power amplifiers present in the PLM test rig.  This voltage level 
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corresponds to about .00025 inches of measured displacement.   With this in mind, 
sufficient changes in displacement magnitude at the sensors occur at speeds as low as 
30,000 Rpm for cases in which the PLM eccentricity phase is favorable.  However, as 
depicted in figure 3.12, the PLM eccentricity can initially improve the balance state and 
lower the response before eventually providing a significant change in amplitude at 
approximately 40,000 Rpm.  The addition of runout above .0005 inches can lead to a 
decline in measured response over much of the speed range as seen in figure 3.14.  
Therefore, the absolute value of the change in response magnitude must be used as an 
indication of the preload loss event.       
In conclusion, it is expected that for all cases a sufficient change in measurements for 
position or current will occur for speeds above 40,000 Rpm.  Detection of the eccentricity 
change would be accomplished via measurements of the magnetic bearing currents when 
the controller does not utilize a notch filter.  Position sensor measurements would have to 
be utilized during operation with a notch filter at the running speed.  However, the signal 
to noise ratio is expected to be more favorable when currents are monitored.     
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Figure 3.9: Steady State Response with Residual and PLM Unbalance 
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Figure 3.10: Steady State Response with Residual + PLM + .0005 TIR 
 
 
 
 
 
 
 
 51
 
 
 
 
 
 
0 1 2 3 4 5
x 10
4
0
0.2
0.4
0.6
0.8
1
x 10
-3
Speed (Rpm)
O
rb
it 
R
ad
iu
s 
(in
.)
Displacement vs. Speed at Sensor  "A"
Residual + Runout
Res. + Runout + PLM
Res. + Runout + PLM (φ=180°)
0 1 2 3 4 5
x 10
4
0
0.5
1
1.5
2
2.5
3
3.5
Speed (Rpm)
C
ur
re
nt
 (A
m
ps
)
Bearing "A" Current vs. Speed 
0 1 2 3 4 5
x 10
4
0
0.2
0.4
0.6
0.8
1
x 10
-3
Speed (Rpm)
O
rb
it 
R
ad
iu
s 
(in
.)
Displacement vs. Speed at Sensor "B"
0 1 2 3 4 5
x 10
4
0
0.5
1
1.5
2
2.5
3
3.5
Speed (Rpm)
C
ur
re
nt
 (A
m
ps
)
Bearing "B" Current vs. Speed
Residual + Runout
Res. + Runout + PLM
Res. + Runout + PLM (φ=180°)
Residual + Runout
Res. + Runout + PLM
Res. + Runout + PLM (φ=180°)
Residual + Runout
Res. + Runout + PLM
Res. + Runout + PLM (φ=180°)
 
Figure 3.11: Steady State Response with Residual + PLM + .001 TIR 
 
 
 
 
 
 
 
 
 52
 
 
 
 
 
0 1 2 3 4 5
x 10
4
0
0.2
0.4
0.6
0.8
1
x 10
-3
Speed (Rpm)
O
rb
it 
R
ad
iu
s 
(in
.)
Displacement vs. Speed at Sensor "A"
Residual Unbalance        
Res. + PLM                
Res. + PLM (φ=180°)
0 1 2 3 4 5
x 10
4
0
0.05
0.1
0.15
0.2
0.25
0.3
Speed (Rpm)
C
ur
re
nt
 (A
m
ps
)
Bearing "A" Current vs. Speed
0 1 2 3 4 5
x 104
0
0.2
0.4
0.6
0.8
1
x 10
-3
Speed (Rpm)
O
rb
it 
R
ad
iu
s 
(in
.)
Displacement vs. Speed at Sensor "B"
0 1 2 3 4 5
x 104
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
Speed (Rpm)
C
ur
re
nt
 (A
m
ps
)
Bearing "B" Current vs. Speed
Residual Unbalance
Res. + PLM
Res. + PLM (φ=180°)
Residual Unbalance
Res. + PLM
Res. + PLM (φ=180°)
Residual Unbalance
Res. + PLM
Res. + PLM (φ=180°)
Residual Unbalance
Res. + PLM
Res. + PLM (φ=180°)
 
Figure 3.12: Steady State Response with Residual + PLM + Notch 
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Figure 3.13: Steady State Response with Residual + PLM + Notch + .0005 TIR 
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Figure 3.14: Steady State Response with Residual + PLM + Notch + .001 TIR 
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CHAPTER IV 
CRITICAL SPEED ANALYSIS 
 
The basic objectives of a rotordynamic analysis include predictions of critical speeds, 
synchronous or non-synchronous rotor response with respect to shaft speed, and stability 
of the system.  Critical speed predictions are addressed in this chapter while the later two 
objectives are explored in chapter III.  A critical speed occurs when the shaft unbalance 
excites a particular natural frequency of the system to its maximum response [9].  
Mathematically, this corresponds to the damped eigenvalue of the rotor system whose 
eigenvector is called the rotor mode shape.  The critical speeds of the PLM test rig will be 
calculated utilizing the transfer matrix method for critical speeds due to rotor flexibility 
and the state space equations developed in chapter III for the rigid body critical speeds.  
As will be shown, the rigid rotor and flexible rotor critical speeds are approximately 
independent due to the low rotor support stiffness of the magnetic suspension. 
 
4.1  Rigid Body Critical Speeds 
The state space equations used to describe the control and dynamics of the PLM rotor 
bearing system in chapter III are used here to predict the rigid rotor critical speeds.  Rotor 
flexibility is considered negligible since the magnetic bearings provide relatively low 
support stiffness.  Hence, the rigid body critical speeds depend on the stiffness of the 
actively controlled magnetic bearings.  This support stiffness is a combination of the 
active stiffness, characterized by proportional control, and position stiffness due to the 
permanent magnets.  A critical speed occurs when the rotor speed coincides with a 
damped eigenvalue derived from the system state space matrix, [AT].  These speeds are 
identified using a Campbell diagram depicted in figure 4.1.  The first critical speed at 
7,127 Rpm corresponds to what is termed the cylindrical mode while the second critical 
speed at 12,056 Rpm corresponds to the conical mode.  These speeds are well below the 
speed range of interest ranging from 20,000-50,000 rpm.  Typically, the rigid body 
critical speeds are traversed with the aid of damping provided by the magnetic bearings.  
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This damping is associated with the controller derivative gain and is adjusted to obtain 
sufficient response at the critical speeds as well as stability throughout the speed range. 
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Figure 4.1: Rigid Body Critical Speeds 
 
 
4.2  Transfer Matrix Method 
The transfer matrix method described here can be used to predict critical speeds and 
mode shapes of a flexible rotor on undamped flexible supports [10].  The first step in 
modeling a rotor is to divide the length into n segments or stations.  The number and 
individual length of stations is chosen such that the significant features of the shaft are 
accurately represented.  Each station is then modeled by a spinning rigid disk or inertia 
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element connected to a massless elastic beam element.  The resulting model of the rotor 
is n discs connected by n-1 beam elements as depicted in figure 4.2.  The transfer 
matrices implied by the name of the procedure provide expressions for the boundary 
conditions on, for example, the right side of an inertia or beam element in terms of the 
left side. Ultimately, all of the transfer matrices are multiplied together such that the 
boundary conditions on the right side of the rotor are expressed in terms of the boundary 
conditions on the left.  To obtain this total transfer matrix we begin by developing the 
transfer matrix for the individual shaft and inertia elements. 
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Figure 4.3: Inertia Element (Left) and Beam Element (Right) Free Body Diagram 
 
 
Figure 4.3 depicts a free body diagram of the inertia and beam elements of the ith 
station where: 
 
Wi is defined as the lateral deflection. 
θi is the slope due to bending. 
Mi is the moment. 
Vi is the shear force. 
Gi is the shear modulus of elasticity. 
Ai is the cross sectional area.  
Py is applied load per unit length. 
mi is the mass 
Ipi and Iti are the polar and transverse moments of inertia, respectively. 
Ki is support or bearing stiffness. 
Li is the length 
 
The disc is modeled as a rigid body with compliant support if a bearing is present at 
the station of interest.  Gyroscopic effects are also to be included in the model.  With this 
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in mind, the rigid body assumption requires that deflections on both sides of the disc be 
identical yielding: 
  (4.1) RiW W= Li
L
i 
R
iθ θ=  (4.2) 
With the assumption of forward synchronous whirl, rigid body kinematics provides the 
transformations for shear and moments as: 
  (4.3) 2(R Li i i iV V K m Wω= + − ) Li
L
i 
2 ( )R Li i pi TiM M I Iω θ= + −  (4.4) 
Equations (4.1)-(4.4) can be stated in matrix form as: 
  (4.5) ( )2
2
1 0 0 0
0 1 0 0
0 1 0
0 ( ) 0 1
R L
i i
R L
i i
R L
i ii i
R L
i iPi Ti
W W
K mV V
M MI I
θ θ
ω
ω
⎡ ⎤⎧ ⎫ ⎧⎢ ⎥⎪ ⎪ ⎪⎪ ⎪ ⎪⎢=⎨ ⎬ ⎨⎢ −⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪⎢ ⎥−⎩ ⎭ ⎩⎣ ⎦
⎫⎪⎪⎥ ⎬⎥ ⎪⎪⎭
or 
 { } { }' ' Li i iS T S⎡ ⎤= ⎣ ⎦  (4.6) 
The matrix [Ti’] is the transfer matrix of the disc for the ith station.  As depicted in figure 
4.3, the boundary conditions on the right side of the disc given by equation (4.5) will now 
be used for the left side of the beam element. 
The governing differential equations for the massless elastic beam element depicted 
in figure 4.3 can be stated as:  
 
s
dW V
dx GAK
θ= +  (4.7) 
 d M
dx EI
θ =  (4.8) 
 dM V
dx
= −  (4.9) 
 y
dV P
dx
= −  (4.10) 
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Equations (4.9) and (4.10) are derived using the requirement for equilibrium, and 
equations (4.7) and (4.8) are attributed to Timoshenko beam theory where bending and 
shear deformation are accounted for.  The shear coefficient Ks in equation (4.7) accounts 
for the non-uniform distribution of shearing stress in the beam cross section.   For a 
cylindrical cross section, with an outer diameter a and inner diameter b, the most widely 
accepted equation is given as: 
2
2
6(1 ) 1
(7 6 ) 1 (20 12 )
s
b
aK
b b
a a
υ
υ υ
⎛ ⎞+ +⎜ ⎟⎝ ⎠= ⎛ ⎞ ⎛ ⎞+ + + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
2                            (4.11) 
Equations (4.7)-(4.10) are solved for the homogeneous case (free vibration), in which all 
external force terms are set to zero, yielding: 
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⎫⎪⎪⎥ ⎬⎪⎪⎭
 (4.12) 
or  
 { } { }" '1Li iS T S+ ⎡ ⎤= ⎣ ⎦ i  (4.13) 
where the matrix, [Ti”], is the transfer matrix for the beam element of the ith station.  To 
obtain the transfer matrix [Ti] for the entire station, equations (4.6) and (4.13) are 
combined such that: 
 { } { }" '1 [ ]L Li i i i i iS T T S T S+ ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ L  (4.14) 
where 
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If the rotor is divided into n stations, a single transfer matrix [T] that maps the left-hand 
side state of the rotor onto its right-hand side is obtained by noting: 
 
11 12 13 14 1
21 22 23 24 1
31 32 33 34 1
41 42 43 44 1
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⎧ ⎫ ⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪⎢=⎨ ⎬ ⎨⎢⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪⎣ ⎦ ⎩ ⎭⎩ ⎭
⎪⎥ ⎬⎥ ⎪⎪
 (4.16) 
or 
 { } [ ]{ }1RnS T S= L  (4.17) 
where 
 [ ] [ ][ ] [ ][ ]' 1 1 2 1n n nT T T T T T− −⎡ ⎤= ⎣ ⎦ ?  (4.18) 
The natural frequencies of the system are those frequencies that make the boundary 
conditions imposed on equation (4.16) true.  The rotor to be modeled is free at both ends 
which yields the boundary conditions as: 
 1 0
R L
nV V= =  (4.19) 
 1 0
R L
nM M= =  (4.20) 
Substitution of equations (4.19) and (4.20) into (4.16) yields: 
 31 32 1
41 42 1
( ) ( )0
( ) ( )0
L
L
T T W
T T
ω ω
ω ω θ
⎧ ⎫⎡ ⎤⎧ ⎫ =⎨ ⎬ ⎢ ⎥⎩ ⎭ ⎣ ⎦ ⎩ ⎭⎨ ⎬
 (4.21) 
where nontrivial solutions for W1L and θ1L exist only if the determinant of the coefficient 
matrix in equation (4.21) is zero.  The frequencies that yield solutions to equation (4.21) 
are natural frequencies of the rotor and can be substituted back into equations (4.14) and 
(4.21) to obtain the mode shapes of the rotor. The algorithm for implementing the transfer 
matrix using a computer program is depicted in figure 4.4. 
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Figure 4.4: Transfer Matrix Program Flowchart 
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4.3  Transfer Matrix Modeling Assumptions 
The transfer matrix method described in the previous section will be used to calculate 
the free-free modes of the PLM rotor depicted in figure 2.5.  The rotor consists of a 
composite flywheel, catcher bearing surfaces, magnetic bearing rotor laminations, and 
motor magnet that are all assembled onto a one piece machined rotor hub.  The items 
assembled onto the rotor hub contribute appreciable mass and stiffness that affect the 
bending modes to be calculated.  While the mass of the assembled components is easily 
incorporated in the analysis, the additional stiffness can be difficult to predict or unknown 
at the present.  The following set of conservative assumptions will be used for the transfer 
matrix rotor model: 
1) The composite flywheel is pressed onto the rotor hub which contributes a 
stiffness that is unknown and will be neglected to provide a conservative 
analysis.  
2) The rotor laminations are assembled using Loctite 620 retaining compound and 
will be considered only as an added mass in the analysis.  
3) The catcher bearing surfaces are assembled via shrink fit and will be considered 
integral with the rotor hub. 
The motor magnet is assembled using 3M DP-460 epoxy compound.  Initial calculations 
neglecting any stiffness contributed by the magnet yielded bending modes far too low.  
An inquiry to the motor manufacturer suggested significant contributions to stiffness of a 
rotor when the magnet is assembled with the epoxy compound.  However, no data was 
available so an experiment was setup.   
 
4.4  Experimental Stiffness Measurements 
Figure 4.5 depicts the experimental setup to determine stiffness contributed to the 
PLM rotor by assembly of the motor magnet.  A calibrated force gauge is used to deflect 
the cantilevered rod while a dial indicator allows measurement of the resulting deflection.  
The goal of the testing is to obtain an equivalent shaft diameter based on the improved 
stiffness provided by the assembly of the magnet.  Stiffness measurements are conducted 
for three cases:  Rod, rod + magnet, rod + magnet + glue.  The collected data is depicted   
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Figure 4.5: Experimental Setup for Motor Magnet Stiffness Measurement 
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Figure 4.6: Force vs. Displacement Measurement for Motor Magnet Assembly 
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in figure 4.6 where the stiffness for each case is calculated as the slope of the linear 
regression curve fit. 
As suggested by the manufacturer, the assembly of the magnet and rod with epoxy 
provided a very significant 686% increase in the measured stiffness.  With this in mind, 
an equivalent shaft diameter can be calculated based on the improved stiffness and input 
into the transfer matrix program.  This is done by noting the formula for the deflection of 
the cantilevered rod in the experimental setup and solving for stiffness as [11]: 
 
4
3 2 3
6
(8 12 4 )a
F E rK
y l l a a
π= = − +  (4.22) 
where the variable a describes the location of the applied force, E is Youngs modulus, ya 
is the measured deflection, r is the rod diameter, and l is the cantilevered length of the 
rod.  Titanium was later selected as the rotor material which, although known for its 
strength and durability, only has half the stiffness of steel.  To account for this using the 
present data, the contribution to stiffness by the epoxied magnet is added to a theoretical 
stiffness of a titanium rod.  Assuming a superposition of stiffness contributions, the 
stiffness contributed by the epoxied magnet is given as: 
 magnet glue total steel rodK K K+ = −  (4.23) 
where Ksteel rod is the experimentally measured stiffness for the .25” steel rod and Ktotal is 
the experimental stiffness for the total assembly of the epoxied magnet and rod.  
Rearranging equation (4.22) we can solve for an equivalent titanium shaft diameter as: 
 ( )
1
3 2 3 4(8 12 4 )2
6eq Ti rod magnet glue Ti
l l a ad K K
E π+
⎡ ⎤− += +⎢ ⎥⎣ ⎦
 (4.24) 
where the stiffness of a titanium rod, KTi, is calculated from equation (4.22) using 
published values of Young’s modulus for titanium, ETi.  The result shows that the 
stiffness of a titanium shaft .44 inches in diameter is equivalent to the physical assembly 
of the .25 inch titanium rod and magnet.  Table 4.1 provides a summary of all the 
experimental and theoretical stiffness values.  The magnet will still be modeled as an 
added mass in the transfer matrix code.  However, the shaft elements will be modeled 
with a .44 vs. .25 inch diameter to account for the added stiffness. 
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Table 4.1: Stiffness Values for Motor Magnet Assembly 
 
Description 
K, Experimental 
(lbf/in.) 
K, Theoretical 
(lbf/in.) 
.25” Steel Rod 1426 (Ksteel rod) 1593 
.25” Steel Rod + Magnet + Glue 9783 (Ktotal) - 
.394” Steel Rod - 9783 
.25” Titanium Rod - 939 (KTi) 
.25” Titanium Rod +Magnet +Glue - 9296 
.44” (deq) Titanium Rod - 9296 
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4.5  Flexible Rotor Critical Speeds                    
The transfer matrix described in section 4.2 is implemented using Matlab software.  
Figure 4.7 depicts the transfer matrix rotor model based on the rotor geometry and 
modeling assumptions stated in sections 4.3 and 4.4.  The shaft elements are modeled 
using the published properties for Titanium 6AL-4V.  The flywheel, rotor laminations, 
and motor magnet are modeled as added masses with densities of .06, .293, and .275 
lb/in3 respectively.   
 
 
 
0 2 4 6 8 10 12 14 16 18
-5
-4
-3
-2
-1
0
1
2
3
4
5
Added Mass Boundary
Shaft Element Boundary
Lumped Inertia Location
Axial Location (in.)
D
ia
m
et
er
 (i
n.
)
 
Figure 4.7: Transfer Matrix Model of PLM Rotor 
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Prediction of the PLM rotor bending modes is important to ensure that the rotor 
response due to these modes does not prevent operation to 50,000 Rpm or mask the 
unbalance response due to the PLM change in mass eccentricity.  Typically, bending 
modes above 120% of the maximum operating speed are expected to contribute little to 
the rotor response during operation.  The first two bending modes of the PLM rotor are 
depicted in figure 4.8.  The first bending mode at 60,679 Rpm is driven primarily by the 
rotor flexibility in the motor magnet location.  Damping this mode would be difficult 
since there is very little motion at the bearings.  However, the mode is at a sufficiently 
high speed corresponding to 121% of the maximum operating speed.  The second mode 
at 131,040 Rpm is well above the operating speed range and expected to provide little 
contribution to the rotor response. 
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Figure 4.8: PLM Rotor Bending Modes 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
 
The objectives set forth in chapter I included developing a test rig concept, a 
numerical simulation of the rotor-bearing system to ensure feasible detection of the PLM 
flywheel change in mass eccentricity, and finally a rotordynamics analysis to ensure 
operation to the maximum operating speed of 50,000 Rpm.  This section will discuss 
each objective and the conclusions of this research.  A summary of the conclusions are as 
follows: 
• The final PLM test rig design presented meets all performance requirements and 
feasible detection of the PLM flywheel change in mass eccentricity is confirmed 
via analytical study. 
• Detection of the PLM flywheel change in mass eccentricity is feasible with and 
without a notch filter utilizing the magnetic suspension feedback sensors (Rotor 
position measurement).  
• Measurement of magnetic bearing currents is desired for detection when operating 
without a notch filter due to a higher signal to noise ratio. 
• PLM rotor rigid body modes at 7,127 and 12,056 Rpm can be traversed with the 
aid of damping from the magnetic bearings. 
• PLM rotor first bending mode will not provide a significant contribution to the 
rotor response in the operating speed range of 20,000 to 50,000 Rpm.  
A top-down systems engineering approach was used to develop the final test rig 
design presented in chapter II.  The rotor mass and interfaces with the motor were 
identified as critical parameters to consider in the conceptual design phase. Consideration 
of these parameters and successful fulfillment of the identified requirements resulted in 
the final design.  This design consists of a titanium rotor hub, a pair of magnetic bearings 
for rotor support, a brushless DC motor to provide torque, and angular contact bearings 
that provide an auxiliary suspension.  This design was carried out to a high level of detail 
described by fabrication drawings included in Appendix A.   
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A state space model of the rotor bearing system was created and solved numerically 
to determine whether detection of the PLM flywheel change in mass eccentricity was 
feasible.  Results are discussed for operation with and without a notch filter.  For the case 
without a notch, the magnetic bearing currents increase several amps in magnitude when 
comparing response with and without the PLM mass eccentricity.  These currents are 
expected to provide a better signal to noise ratio than the position sensors.  However, it is 
recommended to use the feedback displacement sensors for detection when operating 
with a notch since the magnetic bearing currents are attenuated.  In all cases it is 
recommended that the shaft runout be kept below .0005 inches to ensure a positive 
increase in amplitude vs. the PLM mass eccentricity change. 
Finally, rotordyamic considerations are addressed in chapter IV to ensure operation 
up to the maximum operating speed of 50,000 Rpm.  Stable levitation of the rotor is 
accomplished throughout the rpm range as evidenced by the steady state response plots in 
chapter III.  Two rigid body critical speeds are identified at 7,127 and 12,056 Rpm.  The 
magnetic bearings are able to provide sufficient damping to traverse these speeds while 
staying within operating limits that are set by current saturation in the power amplifier 
model.  In addition, a transfer matrix analysis was conducted that revealed the first rotor 
bending mode was 121% above the maximum operating speed.  This prediction was 
based on experimental measurements made to better model rotor stiffness properties.  
The bending modes are expected to provide neglible contributions to the rotor response 
since they are well above the operating speed range.   
Future work will include fabrication of the test rig based on the drawings in Appendix 
A.  An accurate correlation between experimental and predicted mass eccentricities will 
be important.  In actual applications the preload loss should initially occur just above the 
maximum operating speed such as 60,000 Rpm.  In addition, extensive test runs could be 
completed to show that the preload loss will occur at lower speeds as the flywheel 
material degrades.  Ultimately, the information regarding the preload loss characteristics 
will be programmed into the motor / generator controller of a flywheel energy storage 
unit.  This will allow a “virtual containment” scheme in which the flywheel maximum 
operating speed is de-rated or shut down when a preload loss event is detected.       
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